A new fractional analytical approach via a modified Riemann–Liouville derivative  by Khan, Yasir et al.
Applied Mathematics Letters 25 (2012) 1340–1346
Contents lists available at SciVerse ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
A new fractional analytical approach via a modified
Riemann–Liouville derivative
Yasir Khan a,∗, Qingbiao Wu a, Naeem Faraz b, A. Yildirim c,d,∗, M. Madani e
a Department of Mathematics, Zhejiang University, Hangzhou 310027, China
bModern Textile Institute, Donghua University, 1882 Yan’an Xilu Road, Shanghai 200051, China
c Department of Mathematics, Ege University, 35100 Bornova – Izmir, Turkey
d Department of Mathematics and Statistics, University of South Florida, Tampa, FL 33620-5700, USA
e Chemical Engineering Department, Amirkabir University of Technology, No. 424, Hafez Ave., Tehran, Iran
a r t i c l e i n f o
Article history:
Received 25 March 2011
Received in revised form 29 November
2011
Accepted 29 November 2011
Keywords:
Fractional homotopy perturbation method
Modified Riemann–Liouville fractional
derivatives
Mittag-Leffler function
a b s t r a c t
This work suggests a new analytical technique called the fractional homotopy perturbation
method (FHPM) for solving fractional differential equations of any fractional order.
This method is based on He’s homotopy perturbation method and the modified
Riemann–Liouville derivative. The fractional differential equations are described in
Jumarie’s sense. The results from introducing a modified Riemann–Liouville derivative in
the cases studied show the high accuracy, simplicity and efficiency of the approach.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The fractional calculus has a long history, starting from 30 September 1695 when the derivative of order α = 1/2
was described by Leibniz [1]. The theory of derivatives and integrals of non-integer order goes back to Leibniz, Liouville,
Grunwald, Letnikov and Riemann. We describe as a fractional equation an equation that contains fractional derivatives
or integrals. Derivatives and integrals of fractional order have found many applications in recent studies in physics [2,3].
Broad classes of analytical methods have been proposed for solving fractional differential equations, such as the Adomian
decomposition methods [4,5], variational iteration methods [6–10], differential transform methods [11] and the homotopy
perturbation method [12–14].
The HPM, proposed first by He [15,16], for solving differential and integral equations, linear and nonlinear, has been
the subject of extensive analytical and numerical studies. The method, which is a coupling of the traditional perturbation
method and homotopy in topology, deforms continuously to a simple problem which is easily solved. This method, which
does not require a small parameter in an equation, has a significant advantage in that it provides an analytical approximate
solution for a wide range of nonlinear problems in applied sciences. Thus He’s HPM is a universal method which can solve
various kinds of nonlinear equations.
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To deal with nondifferentiable functions, Jumarie [17] derived new expressions for fractional Taylor’s series and a
modified Riemann–Liouville definition. In this way, Jumarie compared the so-called Caputo–Djrbashian derivative [18,19]
(which defines a fractional derivative of lower than unit order through a derivative) which is not quite always suitable (or
relevant), and this is why he introduced the modified Riemann–Liouville derivative [20]. Jumarie’s modified derivative was
successfully applied in relation to stochastic fractional models [21,22], Laplace problems [23] and Fourier transforms of
fractional order [24]. In this work, the key is to find the solution using the Mittag-Leffler function, on the one hand, and
the integral with respect to dξ through a fractional integral with respect to (dξ)α , on the other hand. The main aim of the
present analysis is to develop the idea of a fractional homotopy perturbation method with modified Riemann–Liouville
derivative by involving integrals with respect to (dξ)α . We have introduced this integral in the homotopy perturbation
method via a modified Riemann–Liouville fractional derivative. In the present literature no one has used this integral in
the HPM. To the best of the authors’ knowledge, this work represents the first application of new efficient algorithm for
the homotopy perturbation method to solve fractional differential equations. We hope that this method will be useful for
obtaining solutions of different applied problems appearing in physics, chemistry, electrochemistry, engineering etc.
2. The Guy Jumarie derivative
Jumarie defined the fractional derivative in the limit form [25]
f (α)(x) = lim
h↓0
∆α[f (x)− f (0)]
hα
, (1)
where f (x) should be a continuous (but not necessarily differentiable) function and h > 0 denotes a constant discretization
span.
This definition is close to the standard definition of the derivative (calculus for beginners), and as a direct result, the αth
derivative of a constant is zero.
The Riemann–Liouville fractional integral is defined [1–3] as
0Iαx f (x) =
1
Γ (α)
 x
0
(x− ξ)α−1f (ξ)dξ, α > 0 (2)
and the modified form of the Riemann–Liouville derivative is defined [25] as
0Dαx f (x) =
1
Γ (n− α)
dn
dxn
 x
0
(x− ξ)n−α( f (ξ)− f (0))dξ, (3)
where x ∈ [0, 1], n− 1 ≤ α < n and n ≥ 1.
The definition of the fractional integral in Eq. (2) is equivalent to Lemma 4.1 of [25], namely,
y =
 x
0
f (ξ)(dξ)α = α
 x
0
(x− ξ)α−1f (ξ)dξ, 0 < α ≤ 1. (4)
For example for f (x) = xγ in Eq. (4) we obtain x
0
ξ γ (dξ)α = Γ (α + 1)Γ (γ + 1)
Γ (α + γ + 1) x
α+γ , 0 < α ≤ 1.
3. The fractional homotopy perturbation method
In order to elucidate the solution procedure of the homotopy perturbation method, we consider the following fractional
differential equation:
Dαu(x, t) = L[x]u(x, t)+ N[x]u(x, t)+ q(x, t), t > 0, x ∈ R, (5)
where Dα = ∂α
∂tα , L[x] is the linear operator in x,N represents the general nonlinear differential operator and the q(x, t) are
continuous functions. Using the HPM [15,16] as introduced by He, we can construct a homotopy for Eq. (5) as follows:
(1− p)Dαu(x, t)+ p[Dαu(x, t)− L[x]u(x, t)− N[x]u(x, t)] − q(x, t) = 0. (6)
Or
Dαu(x, t) = p[L[x]u(x, t)] + q(x, t), (7)
where p ∈ [0, 1] is an embedding parameter. If p = 0, Eqs. (6) and (7) become
Dαu(x, t) = q(x, t),
and when p = 1, both Eqs. (6) and (7) turn out to be the original fractional differential equation (5).
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The homotopy perturbation method [15,16] admits a solution in the form
u(x, t) = p0u0(t)+ p1u1(t)+ p2u2(t)+ · · · . (8)
The convergence of the above series is discussed in [26] and the asymptotic behavior of the series is illustrated in [27].
Setting p = 1 results in the solution of Eq. (8); we get
u(x, t) = u0(t)+ u1(t)+ u2(t)+ · · · . (9)
For the nonlinear term N[x]u in (5), let us set N[x]u = h(u).
Invoking Eq. (8) in Eq. (7) and collecting the terms with the same powers of p, we can obtain a series of equations of the
following form:
p0 : Dαu0(x, t) = q,
p1 : Dαu1(x, t) = L[x]u0 + h1(u0),
p2 : Dαu2(x, t) = L[x]u1 + h2(u0, u1),
p3 : Dαu3(x, t) = L[x]u2 + h3(u0, u1, u2),
....
(10)
and so on, where the functions u1, u2, u3, . . . , satisfy the following equation:
h(u0 + pu1 + p2u2 + · · ·) = h1(u0)+ ph2(u0, u1)+ p2h3(u0, u1, u2)+ · · · .
The method is based on applying the operator Iα , the inverse of the operator Dα , to both sides of Eq. (10) to obtain
p0 : u0(x, t) =n−1k=0 u(αk)(0+, x) t(αk)αk! + Jα(q),
p1 : u1(x, t) = Iα(L[x]u0 + h1(u0)),
p2 : u2(x, t) = Iα(L[x]u1 + h2(u0, u1)),
p3 : u3(x, t) = Iα(L[x]u2 + h3(u0, u1, u2)),
...
(11)
With the help of Eqs. (2) and (4), we suggest a proposed homotopy for Eq. (5):
p0 : u0(x, t) =
n−1
k=0
u(αk)(0+, t)
t(αk)
k! + J
α(q),
p1 : u1(x, t) = 1
Γ (α + 1)
 t
0
(L[x]u0 + h1(u0))(dξ)α,
p2 : u2(x, t) = 1
Γ (α + 1)
 t
0
(L[x]u1 + h2(u0, u1))(dξ)α,
p3 : u3(x, t) = 1
Γ (α + 1)
 t
0
(L[x]u2 + h3(u0, u1, u2))(dξ)α,
....
(12)
4. Test examples
In order to illustrate the effectiveness and convenience of the proposed method, we consider here the nonlinear time
fractional FPE, a two-dimensional fractional heat-like equation and the fractional nonlinear differential equation.
Example 1. Consider the nonlinear time fractional Fokker–Planck equation
Dαt u =

− ∂
∂x
.

4u
x
− x
3

+ ∂
2
∂x2
.u

u(x, t), (13)
where x > 0, 0 < α ≤ 1, t > 0, subject to the initial conditions
u(x, 0) = x2.
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By applying the aforesaid homotopy perturbation method subject to the initial conditions, we have
u0(x, t) =
n−1
k=0
u(αk)(0+, x)
t(αk)
αk! = x
2,
p1 : u1(x, t) = 1
Γ (α + 1)
 t
0
x2(dξ)α = x
2
Γ (α + 1) t
α,
p2 : u2(x, t) = 1
Γ (α + 1)
 t
0
ξα(dξ)α = x
2
Γ (2α + 1) t
2α,
p3 : u3(x, t) = 1
Γ (α + 1)
 t
0

1
2
x2u2xx(x, ξ)

(dξ)α = x
2
Γ (3α + 1) t
3α, (14)
....
The solution in series form is given by
u(x, t) = x2

1+ t
α
Γ (α + 1) +
t2α
Γ (2α + 1) +
t3α
Γ (3α + 1) + · · ·

,
=
∞
k=0
x2tkα
Γ (1+ kα) = x
2Eα(tα), (15)
which is the exact solution of the nonlinear time fractional FPE obtained by Odibat and Momani [5].
Example 2. Now, we consider the following nonhomogeneous space fractional equation with initial conditions:
D2αx u(x, t)− ux = ut + (2− 2t − 2x), 0 < α ≤ 1, t > 0,
u(0, t) = t2, uα(0, t) = 0, u(x, 0) = x2. (16)
Following the suggestion of (12) we obtain
p0 : u0(x, t) =
n−1
k=0
uαk(x, 0+)
xαk
αk! + J
2α(2− 2t − 2x)
= t2 + 2− 2t
Γ (2α + 1)x
2α − 2
Γ (2α + 2)x
2α+1,
p1 : u1(x, t) = 1
Γ (2α + 1)
 t
0
(u0ξ (ξ , t)+ u0t(ξ , x))(dξ)α
= 2t
Γ (2α + 1)x
2α − 2
Γ (4α + 1)x
4α + 2α(2− 2t)Γ (2α)
Γ (2α + 1)Γ (4α) x
4α−1 − 2(2α + 1)Γ (2α + 1)
Γ (2α + 2)Γ (4α + 1)x
4α, (17)
p2 : u2(x, t) = 1
Γ (2α + 1)
 t
0
(u1ξ (ξ , t)+ u1t(ξ , x))(dξ)α
= 2
Γ (4α + 1)x
4α − 4αΓ (2α)
Γ (2α + 1)Γ (6α)x
6α−1 + 4tαΓ (2α)
Γ (2α + 1)Γ (4α)x
4α−1 − 8αΓ (4α)
Γ (4α + 1)Γ (6α)x
6α−1
+ 2α(4α − 1)(2− 2t)Γ (2α)Γ (4α − 1)
Γ (2α + 1)Γ (4α)Γ (6α − 1) x
6α−2 + 8αΓ (2α + 1)Γ (4α)
Γ (4α + 1)Γ (6α) x
6α−1, (18)
....
In the same manner, the rest of the components can be obtained. Consequently, we obtain the following expansion:
u(x, t) = t2 + 2− 2t
Γ (2α + 1)x
2α − 2
Γ (2α + 2)x
2α+1 + 2t
Γ (2α + 1)x
2α − 2
Γ (4α + 1)x
4α + 2α(2− 2t)Γ (2α)
Γ (2α + 1)Γ (4α) x
4α−1
− 2(2α + 1)Γ (2α + 1)
Γ (2α + 2)Γ (4α + 1)x
4α, (19)
which is exactly the same solution as was obtained in [13] using the Adomian decomposition method.
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Fig. 1. The second-order approximate solution of Eq. (16) versus the exact solution.
It is obvious that self-canceling ‘‘noise’’ terms appear, between various components of the approximate solution. Setting
α = 1 and canceling the noise terms in the approximate solution (19) yields the exact solution, for this special case,
given by
u(x, t) = x2 + t2. (20)
The Figs. 1 and 2 clearly reveal that present solution method namely FHPM shows excellent agreement with the exact
solution. This analysis shows that FHPM suits for fractional differential equations.
Example 3. Consider the fractional nonlinear differential equation [28]
D2αt u+ Dαt u− 2u2 = 0, 0 < α ≤ 1, t > 0,
u(0) = 0, uα(0, t) = 1, u(x, 0) = x2. (21)
Following suggestion (12) we obtain
p0 : u0 = t
α
Γ (1+ α) (22)
p1 : u1(x, t) = 1
Γ (2α + 1)
 t
0
(2u20 − Dαξ u0)(dξ)α =
2
Γ (3α + 1) t
3α − t
α
Γ (2α + 1) ,
p2 : u2(x, t) = 1
Γ (2α + 1)
 t
0

2u0u1 − Dαξ u1

(dξ)α
= 4Γ (1+ 4α)
Γ (2α + 1)Γ (3α + 1)Γ (5α + 1) t
5α − 2t
3α
Γ 2(2α + 1) −
2Γ (1+ α)t3α
Γ (2α + 1)Γ (3α + 1) +
tα
Γ (2α + 1) ,
p3 : u3(x, t) = 1
Γ (2α + 1)
 t
0

2

2u0u2 + u21 − Dαξ u2

(dξ)α
= 8Γ (1+ 4α)Γ (1+ 6α)
Γ 2(2α + 1)Γ (3α + 1)Γ (5α + 1)Γ (7α + 1) t
7α − 8Γ (1+ 4α)
Γ 3(2α + 1)Γ (5α + 1) t
5α
− 8Γ (1+ α)Γ (1+ 4α)
Γ 2(2α + 1)Γ (3α + 1)Γ (5α + 1) t
5α + 4
Γ (2α + 1)Γ (3α + 1) t
3α
+ 8Γ (1+ α)Γ (1+ 6α)
Γ (2α + 1)Γ 2(3α + 1)Γ (7α + 1) t
7α − 8Γ (1+ α)Γ (1+ 4α)
Γ 2(2α + 1)Γ (3α + 1)Γ (5α + 1) t
5α
+ 2Γ (1+ α)Γ (1+ 2α)
Γ 2(2α + 1)Γ (3α + 1) t
3α − 4Γ (1+ α)Γ (1+ 4α)
Γ 2(2α + 1)Γ (5α + 1)Γ (3α + 1) t
5α + 2Γ (1+ α)t
3α
Γ 3(2α + 1)
+ 2Γ
2(1+ α)t3α
Γ 2(2α + 1)Γ (1+ 3α) −
Γ (1+ α)tα
Γ 2(2α + 1) , (23)
....
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Fig. 2. The third-order approximate solution of Eq. (21) versus the exact solution.
5. Conclusions
In this work, the authors have proposed a very effective method called the fractional homotopy perturbation method
(FHPM) with a new modified Riemann–Liouville derivative. The proposed iterative scheme finds the solution without any
discretization, linearization or restrictive assumptions. It may be concluded that the HPM is very powerful and efficient in
finding the analytical solutions for awide class of boundary value problems. Themethod givesmore realistic series solutions
that converge very rapidly in physical problems. The FHPM is valid for other fractional differential equations, and we hope
that this work provides a step in this direction.
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